Discrete-time counterpart of thermodynamic uncertainty relation (conjectured in P. Pietzonka, et.al.,arXiv:1702.07699 (2017) with finite time interval is considered. We show that this relation do not hold by constructing a concrete counterexample to this. Our finding suggests that the proof of thermodynamic uncertainty relation with finite time interval, if true, should strongly rely on the fact that the time is continuous.
Introduction
Recently, a trade-off relation between fluctuation of current and entropy production in stationary Markov processes, called thermodynamic uncertainty relation, has been investigated intensively [1] [2] [3] [4] [5] [6] [7] [8] [9] . The relation for the case of long-time limit for stationary Markov jump processes (Markov processes with continuous time) on discrete states was first conjectured [1] , and then proved by using the large-deviation technique [2, 5] . The relation was also proved for the case of short-time limit [4] , in a completely different context, for a broad class of Markov processes. On the other hand, the thermodynamic uncertainty relation for the case of finite time interval is proved only for a specific situation [7] and its general form is only conjectured [6] .
Although the original conjecture on this relation is on continuous-time Markov processes, in this note we consider a discrete-time counterpart (i.e., the case of Markov chain). We shall show that the discrete-time counterpart do not hold by constructing a concrete counterexample to the relation.
Thermodynamic uncertainty relation
We first explain the claim of the thermodynamic uncertainty relation conjectured in Ref. [6] . In the following, we normalize kT = 1.
Consider a Markov jump process on discrete states in the non-equilibrium steady state. We assume that there is no parity-odd variable and field. Let a ij be an empirical current with the transition from the state i to the state j in time interval 0 ≤ τ ≤ t, which counts how many jumps from i to j occur in 0 ≤ τ ≤ t. A generalized time-integrated current X is defined as
with coefficients satisfying
By denoting the average of this stochastic process and the transition rate from i to j by · and k ij respectively, the average current J, the variance of time-integrated current Var[X], the entropy production rate σ are expressed as
where P ss i represents the stationary distribution of the state i. The thermodynamic uncertainty relation claims the following inequality:
This inequality implies that to realize large current J large fluctuation of current or much dissipation inevitably accompanies.
Construction of counterexample
The discrete-time counterpart of Eq. (5) is obtained by replacing the time interval t to the number of steps and the transition rate to the transition probability. We here, however, demonstrate that this counterpart is not valid. Consider a system with two states, A and B. There are two transition paths, 1 and 2, between A and B 2 . The transition probability of the transition 1 is set to
and that of the transition 2 is
Here, y ≥ 3 is a parameter which we will fix later. The staying probability k AA and k BB is then given by (y − 3)/y. The stationary distribution is P ss A = P ss B = 1/2. The average entropy production per step is given by
We consider current of transition 1 from A to B, and set this current to X (i.e., d
We shall show that the discrete time counterpart of the uncertainty relation (5) is not satisfied for the case with t = 2 and proper choice of y. In two steps, X can take 1,0, or −1. The probability of each event is calculated as
P (X = 0) = y 2 − 3y + 4 y 2 (13)
Hence, the variance of X is given by
The left-hand side of the thermodynamic uncertainty relation (5) is then calculated as
Because the right-hand side of the thermodynamic uncertainty relation is 2, the relation is violated if y satisfies 3 ≤ y ≤ 5 3 − 1/ ln 2 = 3.21067 · · · .
Discussion
We remark that our finding does not suggest the incorrectness of the conjectured thermodynamic uncertainty relation for Markov jump processes. Instead, our finding clarifies the fact that we cannot prove the original uncertainty relation (if true) by using a method which is also applicable to Markov chain. For example, an approach based on the fluctuation theorem will not lead to the proof of the thermodynamic uncertainty relation, because the fluctuation theorem and techniques used in the proof of it are valid for both Markov jump processes and Markov chain. To prove this, inherent properties to continuous-time Markov processes are inevitable.
